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OVERVIEW

SYLLABUS CONTENT

MAS5-GEP-P-02 constructs proofs involving congruent triangles and similar triangles and proves
properties of plane shapes

Construct formal proofs involving congruent and similar triangles

e Construct formal proofs of the congruence of triangles, preserving the matching order of
vertices and drawing relevant conclusions

e Construct formal proofs of the similarity of triangles, preserving the matching order of vertices
and drawing relevant conclusions
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REVIEW OF PRIOR KNOWLEDGE
1 The diagram shows a circle with centre O.

a  Which two sides of AOAB are equal? Why?

b  Which two angles are equal? Why?

A B
2 Consider the diagram shown below.
a  Which angle is vertically opposite to ZACB?
......................................................... A B
b  Which angle is alternate to LZCDE?
C
¢ Which angle is alternate to zBAC? D E

e Whatis one piece of information you can add to the diagram such that AABC = ADCE?

State the congruence test you are using.

3 For this isosceles triangle, CM is common to AAMC and ABMC.
a  Which congruence test would be used to C
prove that AAMC = ABMC?

b  Which angle in ABMC corresponds to ZAMC in AAMC?
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FORMAL PROOFS OF CONGRUENCE

¢ [f two triangles satisfy one of these four tests, then the two triangles are congruent.

SSS SAS
Three pairs of corresponding sides. Two pairs of corresponding sides and the
included angle equal.

Two pairs of corresponding angles and one For a right-angled triangle, the hypotenuse
pair of corresponding sides equal. and another corresponding side equal.
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FORMAL PROOFS

e A proof starts with given facts, shows each step with reasons, and has no gaps in logic.
1. Decide on the congruence proof (SSS, SAS, AAS, or RHS)
2. Write a formal proof, giving reasons.

Example Prove two triangles are congruent.

Prove that AABC = AADC what does the reason “given” mean?
B The information is given by the ..................
A C
What does “AC is common” mean?
ACisa ........ccco.n.... side in both triangles.

In AABC and AACD:

R: ZABC = £ADC =90° (given)

H: AC is common

S:AB = AD (given)

~ AABC = AADC (RHS)
Complete the proofs.
a Prove that AABC = AEDC

B

In AABC and AEDC:
S: AC =CE (e, ) A
A: ZACB = £DCE  (ceiiiiiiiiiii e, )

S:DC =CB GO ) .

% AABC = AEDC (cveeeeenn. ) 2
b Prove AABC = AEDC c Prove AADB = ACDB

D
A B C

InA......... andA......... In......... and .........

Aiz....... =24 ... (vertically opposite) S
A: LABC = ZLEDC ...ccoiiiiiiiiiiiiiiiiien. A
S:BC = DC i S
~AABC = ............ (cereennenen ) e =R (ceeennanen )

https://MrDingMaths.com | 260207 Page 5 of 19



FOUNDATION
1 Prove that each pair of triangles is congruent.
List your reasons and give the abbreviated congruence test.

a D b D

A C
B
B
INA......... andA.......... In AADC and AABC:
S: AC is common
AABD and ACBD A: Z/DAC = CAB (given)
R (heeeeeee ) S: AD = AB (given)
£DAB = £DCB (given) . AADC = AABC (SAS)
Hoo
DB is common
S e, (oo, )
AD = CD (given)
A......... =A......... (heveenanenen )
AABD = ACBD (RHS)
c A d D
oo
D x x7 B
C
A
B
C
In AADC and AABC In AADC and AABC
A: /ADC = ~ABC (given) S: AD = AB (given)
A: Z/DAC = /BAC (given) S: AC is common
S: AC is common S: DC = CB (given)
. AADC = AABC (AAS) S. AADC = AABC (SSS)
e A f A B
o
B
C C
E
D D E
In AABC and ADEC In AABC and AEDC
S: AC = CD (given) A: ZDCE = ZACB (vertically opposite)
A: ZACB = ZDCE (vertically opposite) A: /BAC = /DEC (alternate angles on parallel lines)
S: CE = CB (given) S: AC = EC (given)
. AABC = ADEC (SAS) .. AABC = AEDC
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In ACAB and ACED

A: ZECD = ZACB (vertically opposite)

A: ZDEC = /BAC (alternate angles on parallel lines)
S: BC = DC (given)

. ACAB = ACED (AAS)

A H B
D H c
In AACD and ACAB
S: AD = CB (given)
S: AC is common
S: AB = CD (given)
. AACD = A CAB (SSS)
B
A C
0

In AOAB and AOCB

S: AB = CB (given)

S: OB is common

S: OA = OC (radii of circle)
. AOAB = A QOCB (SSS)

A
B D
C
In AADB and ACDB
S: AD = CD (given)
A: ZADB = ~ZCDB (given)
S: BD is common
. AADB = A CDB (SAS)
A D
B C
In AADB and ACBD
A: ~ADB = ~CBD (alternate angles on parallel lines)
A: ~/ABD = ~CDB (alternate angles on parallel lines)
S: BD is common
. AADB = A CBD (AAS)
A D
B C

In AOAB and AODC

S: OA = OD (radii of circle)

A: ZAOB = £ZDOC (vertically opposite)
S: OB = OC (radii of circle)

. AOAB = A ODC (SAS)
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DEVELOPMENT

Prove AAED = ACEB
A

In AAED and ACEB

S: AE = CE (given)

A: ZAED = ZCEB (vertically opposite)
S: DE = BE (given)

. AAED = A CEB (SAS)

C
Hence, prove that £A = 2C:

2A = £C (corresponding angles in ........................ triangles are equal)

congruent

Prove APSQ = APSR

P
In APSQ and APSR
R: ZPSQ = ZPSR =90° (angles on a straight line)
H: PQ = PR (given)
. S: PS is common
Q [S R ”. APSQ = APSR (RHS)
Prove QS = SR

QS = SR (corresponding sides on congruent triangles equal)

Hence, explain why PS bisects QR (bisect means cut exactly in half)

Since QS = SR, PS bisects QR

Prove AABC = AEDC.

D E In AABC and AEDC
S: DC = BC (given)

A: ZDCE = /BCA (vertically opposite)
C S: CE = CA (given)
. AABC = AEDC (SAS)

A B
Hence, prove AB |l DE.
¢DEC = £CAB (corresponding anglesin .................. triangles)
AB||DE (cevviviiiiinnn. angles on parallel lines are ............ )

congruent

alternate, equal
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Prove AABE = ACBD.

D

Hence, prove AE || DC.

Prove AABD = ACDB.

Hence, prove AD Il BC.

AE = CD (given)

BE = BD (given)

ZABE = ZCBD (vertically opposite with ~ABE given 90° )
. AABE = ACBD (RHS)

~/EAB = /DCB (corresponding angles in congruent triangles)

. AE || CD (alternate angles equal)

DB is common

AB = CD (given)

AD = CB (given)

. AABD = ACDB (SSS)

ZADB = ZCBD (corresponding angles in congruent triangles)
.. AD || BC (alternate angles equal)

Prove that AAOB = ADOC. (O is the centre of the circle)

Hence, prove that AB || CD.

OB = OC (radii)

OA = OD (radii)

~/AOB = /DOC (vertically opposite)
.. AAOB = ADOC (SAS)

~/ABO = ~/DCO (corresponding angles in congruent triangles)

.. AB || CD (alternate angles equal)
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a Prove that AABD = ACBD.

BD is common
A AD = CD (given)
~ADB = ~CDB (given)
. AABD = ACBD (SAS)

o

C

b Hence, prove that AC is perpendicular to BD. (AC L BD)

2ABD = £CBD (corresponding angles in congruent triangles)
and £ABD + 2CBD = 180° (straight line)
~ £ABD = £CBD = 90° and AC is perpendicular to BD

a Prove that AABD = ACBD.

D
DB is common
oo +ABD = 2CBD (given 90°)
+ADB = 2CDB (given)
~ AABD = ACBD (AAS)
A B C

b Hence, prove that AACD is isosceles.

AD = CD (corresponding side in congruent triangles)

~ AACD is isosceles (2 equal sides)

Use congruence to explain why OC is perpendicular to AB in this diagram.

Consider AOAD and AOBD

B OD is common

OA = OB (radii)

AD = BD (given)

C .. AOAD = AOBD (SSS)
~0ODA = Z0DB =90°

A (corresponding angles in congruent triangles are equal and supplementary to a straight line)

\y

~.OC L AB
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FORMAL PROOFS OF SIMILARITY

e There are four ‘tests’ that can be used to decide if two triangles are similar.
¢ Unlike the congruence tests, you must write the full reasoning every time.

SSS SAS
6
11
7 22
14 5
10
Three pairs of corresponding sides in the Two pairs of corresponding sides in the same
same ratio. ratio and the included angle equal.
AAA RHS
/\ 7 i
2
5 6
X 0 /\ 5
X o]
At least two pairs of corresponding angles. For a right-angled triangle, the hypotenuses
(If there are two equal pairs, the third must be and another pair of corresponding sides in
equal) the same ratio.
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Example Prove two triangles are similar.

Prove that AACE ~ ABCD What does the reason “common
B angle” mean?
The angleisa .................. angle in
D both triangles.
3 cm 5cm
e How do we know that EA || DB?
A B C Itis shownby ..................... in the
diagram.
In AABC and AADC:
A: LECA = «DCB (common angle)
A: LEAC = «DBC  (corresponding angles EA||DB)
A: LAEC = £BDC (corresponding angles EA||DB)
~ AACE ~ ABCD (equiangular)
Complete the proofs.
a Prove that AACB~ADFE b P \
C F p 12
: : 6
A ) ° B x
. o A Bl<4—>+ C
D E l€e— |8 —— >
In......... and ......... In......... and .........
A, (e, ) S AC _
oe T T T e
A, (heeeee )
A
S
........... T (O
........... ~ e ()
.............................. )
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FOUNDATION
In this diagram:

a  use three letters to name the common angle. E
2ECA
b  whyis 2EAC = ~DBC? D
Corresponding angles on parallel lines
c explain why we have enough information to conclude that the A B C

triangles are similar.

At least two angles are equal, so the triangle is equiangular.

d complete the similarity statement: ABCD ~ A.........

ACE
In this diagram:
a name the pair of vertically opposite angles D > E
£DCE = £BCA
b  name the two pairs of equal alternate angles
ZEDC = £ABC C
¢ complete the similarity statement: AABC ~ A............ A B

EDC

In this diagram name the:
a common angle for the two triangles

¢2ECA
b  side that corresponds to side:
i DC ... HAE ...............

AC DC

c Write a similarity statement. ...

AACE~ADCB
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4 Prove these triangles are similar.

A
a InAABEand A ,
D
ZABE =/ ( )
B
ZBAE = Z ( )
SA A ( ) E
C
In AABE and ACBD
£ABE = +CBD (vertically opposite)
£BAE = £BCD (alternate angles on parallel lines)
~ AABE ||| ACBD (equiangular)
P 1n APRQ and A , o
/PRQ =/ (=90°, given)

T
% = = |:] (lengths given) 64

40
RQ _ | | .
= = (lengths given)
| T 1 [ | gths giv . =

25 R 40

- APRQ [[[ A ( )

In APRQ and ATRS
2PRQ = «TRS (= 90°, given)

PQ 64 8
TS 40 5
RQ 40 8
5

RS~ 25

~ APRQ ||| ATRS (the hypotenuses and another pair of corresponding sides in the same ratio.)

5 Prove that each pair of triangles is similar.

a B

C

ZBAC = ZDEC (alternate angles, AB || DE)

D ZABC = ZEDC (alternate angles, AB || DE)
ZACB = ZECD (vertically opposite)

. AACB ||| AECD (equiangular)

Note: only two angles are needed.

C ~C is common

B ZCDB = ZCEA (corresponding angles, AE || BD)
~CBD = ZCAE (corresponding angles, AE || BD)

. ACBD ||| A CAE (equiangular)
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ZAis common
NB ZABE = ~ZADC (given)
. AABE ||| AADC (equiangular)
E
[ ]
D C
e 9 >
E 2 ] C
D
B
6 ~ZC is common
A/ CLA_%_g
cD 2
CE 9 3
CB 3

. ACDB ||| ACAE (Two pairs of corresponding sides in the same ratio and the included angle equal.)

48
A .
E C /D is common
7 Ab_ 28
\28/‘12\/D =74

DB _48_
\ DE 12

. AABD ||| A CED (Two pairs of corresponding sides in the same ratio and the included angle equal.)

~DCE = ZBCA (vertically opposite)

EC 2

AC 5
pc 3 2
BC 75 5

. ADCE ||| ABCA (Two pairs of corresponding sides in the same ratio and the included angle equal.)
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DEVELOPMENT
6 Two cables support a steel pole at the same angle as shown.
The two cables are 4 m and 10 m in length while the shorter cable reaches 3 m up the pole.
a Give a reason why the two triangles are similar (just the reason, not the formal proof)

10 m *
4m 3m
2 * r * Equiangular
b  Find the height of the pole.
40 m

7  Aright cone with radius 4 cm has a total height of 9 cm. It contains an amount of water.
It is held such that the water surface EC is parallel to the top surface of the cone AB.
a Prove AEDC |l AADB.

@ B £BDA is common

£BAD = £ECD (corresponding angles on || lines)

~AEDC | AADB (equiangular)

D

b If the depth of water in the cone is 3 cm, find the radius of the water surface in the cone.

8 In the diagram, prove that there is a pair of similar triangles.

A B C
42°  91° 4773

£BDA =180 — 42 — 91 = 47° (angle sum of AABD)
£BAD is common
¢<BDA = «DCB

~ ABDA|||ADCB (equiangular)
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MASTERY
9 In this diagram AADC is isosceles.
a There are two triangles that are similar. Identify them and complete a proof.
You may need to find another angle first.

A ZADC = ZACD =80° (base angles of isosceles A ADC)
15 cm ZACB =100° (straight angle)
20° /CAB=60° (angle sum of A ACB)

B Now ~DAB = 80°
ZDAC = /DBA (given 20° )
ZD is common
ZACD = ZBAD (both 80° )

. AACD ||| ABAD (equiangular)

b  Find the lengths DC and CB, expressing your answers as fractions.

10 In this diagram AC is perpendicular to BD and AABD is right angled.
a Prove that AABD is similar to:

i ACBA
D
3
C
5
ZB is common
~DAB = /ACB (given 90° )
A B .
. AABD ||| ACBA (equiangular)
ii CAD

2D is common
~/DCA = ZDAB (given 90° )

. AABD ||| A CAD (equiangular)
b  Find the lengths:
i BD i AC iii AB
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11 Complete these proofs.

a Prove AE = 4AC.
~ZACB = ZECD (vertically opposite)
D E ~CAB = ZCED (alternate angles, DE || BA)
> “. AABC ||| AEDC (AAA)
. DC

e (ratio of corresponding sides in similar triangles)

6 6 EC
C 27 ac
.. 3AC = CE
as AC + CE = AE
A B AE = 4AC

~C is common
~DBC = ZAEC (given)
. ACBD ||| ACEA (AAA)

.DB 2 BC, ) ) L )
CET 1 CE (ratio of corresponding sides in similar triangles)

AE 4
.~ 4BC = 2CE

BC—lCE
T2

7
Prove CE = —CD. ZC is common
5 ~CBD = ZCAE (corresponding angles, BD || AE)
E . ACBD ||| ACAE (AAA)
. CB CcD . . . . ) .
TS (ratio of corresponding sides in similar triangles)
D 5 CD
Y77 CE
.. 5CE=7CD

~ CE —7CD
B =z

d  prove AB = 3BC.

~C is common
ZCBD = ZCAE (given 90° )
E -, ACBD ||| ACAE (AAA)
BD _C

B

.. — = — (ratio of corresponding sides in similar triangles)
AE  CA

2 CB

8 3 CA
D 1 CB

4~ CB + AB

CB + AB = 4CB

.. AB =3CB
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12 Find the value of x.
A

13 Find the length of AB.

14 In this figure, AABD, ACBA and ACAD are right angled.

a Prove AABD ||| ACBA. Hence, prove AB? = CB x BD.
b Prove AABD ||| ACAD. Hence, prove AD? = CD x BD.

c Hence, prove Pythagoras' theorem AB? + AD? = BD>2
D

2ACE is common

£AEC = £DBC (given)

~ AACE~ABCD (equiangular)

1 X
x x+2
x+2=x?

x2—x—-2=0
x-2)x+1)=0

x=2

2CBE = £ADE (given)

<E is common

~ ACBE~AADE (equiangular)

DE AE
BE _ CE

2 15
AB+15 8

16 = 1.5(AB) + 2.25
1.5(4B) = 13.75

55
T 6

AB

~/BAD = /BCA =90°
~/ABD = ~CBA (common)
So AABD ||| ACBA (AAA).
Therefore, AB/CB = BD/AB.
AB?=CB x BD

Z/BAD = ZACD =90°
ZADB = ZCDA (common)
So AABD ||| ACAD (AAA)
Therefore, AD/CD = BD/AD.
AD?=CD x BD

Adding the two equations:

AB? + AD?=CB x BD + CD x BD

= BD(CB + CD)
=BD x BD
= BD?
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